In this paper it is shown that any compact Riemannian 2-orbifold whose underlying space is a (compact) manifold without boundary has at least one closed geodesic.
Introduction.
In this paper, we examine the question of the existence of a smooth closed geodesic on Riemannian 2-orbifolds. Roughly speaking a Riemannian orbifold is a metric space locally modelled on quotients of Riemannian manifolds by finite groups of isometries. It turns out that Riemannian orbifolds inherit a natural stratified length space structure and are sufficiently well-behaved locally so that one may apply both techniques of Alexandrov geometry and geometric analysis to extend standard results about Riemannian manifolds to Riemannian orbifolds. The 2-orbifolds we consider in this paper are orbifolds whose underlying space is a manifold without boundary. One can think of such Riemannian orbifolds as 2-manifolds with some distinguished singular cone points, whose neighborhoods are isometric to a quotient of the 2-disc with some metric by a cyclic group of finite order fixing the center of the disc. The 2-orbifolds we consider fall into two categories which we will handle with different techniques. The first case is when the underlying space of the orbifold is simply connected (in the usual topological sense), that is, the underlying space of the orbifold is the 2-sphere S 2 . This class of orbifolds contains the set of all orientable bad 2-orbifolds, namely those that do not arise as a quotient of S 2 with some metric by a finite group of isometries acting properly discontinuously. These bad 2-orbifolds are examples of what are commonly referred to as teardrops and footballs. The second class of 2-orbifolds are those whose underlying space is not simply connected in the usual sense. The basic reference for orbifolds is [T] , while a more Riemannian viewpoint is taken in [Bl] . Many of the results on Riemannian orbifolds that we will use have appeared in published form in [B2].
Before we state and discuss our results for Riemannian orbifolds, we would like to recall the methods and ideas used to prove the classical theorem of Fet and Lyusternik [FL]: On any compact Riemannian manifold there exists at least one closed geodesic. The essential tool in proving this result, in an elementary way, is to develop a process of curve-shortening. This process is commonly attributed to Birkhoff [Bi] . The idea here is, given a continuous map of say the unit interval into our manifold M, to divide the interval into small subintervals so that the endpoints of the curve restricted to any subinterval have the property that there exists a unique minimal geodesic connecting the two endpoints. That such a subdivision exists follows from compactness of M, since then one finds a uniform lower bound on the injectivity radius at any point of M. By replacing the given curve by the minimal geodesic connecting such endpoints one constructs a new "broken" geodesic homotopic to the original of length less than or equal to that of the original. Now one iterates this process by joining those endpoints that correspond to the midpoints of the previous subintervals with the minimal geodesic connecting them. In this way one generates at each stage a new broken geodesic of shorter length, which is homotopic to the original. It is worth mentioning that if one is interested in applying this process to closed curves, namely maps of S 1 = [0, l]/{0,1} into M that at each stage this process yields a closed broken geodesic freely homotopic to the original. Now by compactness, essentially the Arzela-Ascoli theorem, one can find a subsequence of these broken geodesies which converge, and in fact will converge to a geodesic. We refer to [K, Section 3.7] for the details.
An alternate approach to the Fet-Lyusternik theorem is to apply techniques from the calculus of variations on Hubert manifolds, see [S, Chapter 8] . If M is a closed Riemannian manifold, the space of H 1 (S 1 J M) curves is a manifold modelled on a Hubert space. The geodesies correspond precisely to the critical points of an appropriate energy functional defined on the space H λ (S ι ,M) . The energy functional satisfies the famous Palais-Smale compactness condition, the main analytic tool needed in proving the existence of critical points. While this approach has natural aesthetic advantages over the polygonal approximation approach mentioned above, Bott [Bo] notes that the use of global analysis does not appear to be essential for any aspect of the geodesic problem on closed manifolds. The use of infinite dimensional manifolds, however, is of fundamental importance in the study of other geometric variational problems such as the study of minimal surfaces and Yang-Mills theory.
Part of the proof of the main result of this paper requires that we work on compact manifolds with boundary. It is not clear to the authors how oae should choose to construct a suitable structure on H ι (S 1 , M) in the case that dM is non-empty. It is for this reason that we adopt an approach similar in spirit to the polygonal approximation construction outlined above.
In trying to generalize the result of Fet and Lyusternik to Riemannian footballs one must overcome the following difficulty: there is not a uniform lower bound on the injectivity radius at points in a compact Riemannian orbifold. This follows from a result of the first author [B2, Proposition 15] where it is shown, for example, that a minimal geodesic cannot enter and leave the singular set. As a result the injectivity radius of a non-singular point is bounded above by its distance to the singular set, and hence no uniform bound is possible (unless of course the singular set is empty and M is a Riemannian manifold). We now state our main result.
Theorem 1. Let O be a compact Riemannian 2-orbifold whose underlying space is a (compact) manifold without boundary. Then O has at least one closed geodesic.
Remark 2. Riemannian orbifolds carry the structure of a length space (or inner metric space). By geodesic we mean a path in the orbifold which is locally length minimizing. This agrees with the definition of geodesic for general length spaces. When working with orbifolds, however, we should point out that it is common to define a geodesic as a path that lifts locally to a geodesic. These two notions are related but are not equivalent. We would like to thank J. Hass for useful conversations regarding this work. We would also like to thank P. Petersen for reading an earlier version of this paper and suggesting improvements of the original results.
Review of the Curve-Shortening Process.
In this section, we let X denote a smooth compact Riemannian manifold with (or without) boundary. Then there exists a real number ί 0 such that any two points p,q G X with d(p, q) < i$ can be joined by a unique minimal geodesic which depends continuously on the two points.
We define a curve-shortening process along the lines of that described in [GZ] . Let 7 : S 1 = [0, l]/{0,1} -> X be a closed curve in X. Assume that 7 is parametrized proportional to arclength. Denote by L the length of 7. Let m be an integer such that L/m < i 0 . Divide the curve 7 into m equal segments each of length L/ra, by the division points qo,qι,-" ^Qm-i^Qm-Now replace each arc qiqi+i by the unique minimal geodesic qϊqϊ+ϊ joining qι to q i+1 of length < i 0 . This replaces 7 by the m-sided closed geodesic polygon
Note that the length of 7' is strictly smaller than the length of 7 unless 7' = 7. Now take the m midpoints of the segments of 7'. Successive midpoints are at distance < i 0 from each other and hence can be joined by a unique minimal geodesic. This produces a new m-sided geodesic polygon 7". The process described above is to be one iteration of the curve-shortening process. We denote 7" as $(7). Continuing inductively, we see that at each stage we have produced a new curve homotopic to and of length not longer than the curve of the previous stage.
The Non-Simply Connected Case.
We consider in this section the case when the underlying space of the orbifold is not simply connected (in the usual sense). The argument presented here is a modified version of an argument which originally appeared in the first author's Ph.D. thesis [Bl] .
As usual, we denote the singular set by Σ. Let C be a non-trivial free homotopy class. We are considering the situation when the underlying space of O is the 2-sphere S 2 . We will split our argument for this situation into two cases. The first case will be where O has no more than two singular points (teardrops and footballs) and the other when O has at least 3 singular points.
The Teardrop and Football case. Let O compact Riemannian 2-orbifold with two or fewer singular points. Denote by p and ςr, the singular points of O. If O has only one singular point p, choose q to be any point of Say maximal distance from p. If O has no singular points, that is, O is a smooth 2-sphere, choose p and q realizing the diameter of O. We will refer to p and q as the singular points of O (whether or not they are truly singular). Denote by Σ the singular set {p}U{q}. For 0 < δ < d(p, q)/3 denote by O ό the set of
Then O δ is the manifold with boundary S 1 x /. By [ABB, Theorem 5] , every point in O δ possesses a neighborhood which is convex in the sense that any two points in the neighborhood may be joined by a unique geodesic entirely contained in the neighborhood. In fact, it is not hard to see that such a neighborhood may be chosen to be a metric ball. Hence, by compactness there exists a positive real number r conve χ > 0, the convexity radius, for which any metric ball of radius at most r convex is convex. Fix δ 0 = d(p,q)/3. Choose δ small enough so that the boundary circles x δ and y δ of O δ have length < r CO nveχ 5 the convexity radius of Oj 0 , and so that
where Φ* denotes the A -th iterate of the curve shortening process in O δ . We also require that δ is so small that the lengths L(x δ ) and L(y δ ) are non-increasing as δ -> 0. Note that this can be done since neighborhoods of the singular points are asymptotically Euclidean cones (or smooth Euclidean discs).
By applying curve shortening to x δ , y δ , we produce two closed geodesies (\d(p,q) ) and y δ -> y^ C B q (\d{p,q) ).
Now foliate O -{p, q} by circles such that for δ' < δ these foliating circles are exactly the distance spheres from p and q. Using this foliation we can produce a path F : [0,1] -* AO δ , where AO δ denotes the loop space of O δ , with F(0) = xâ nd F(l) -y^. To see this, we construct the path F as follows: Start at Xoo. Run the curve shortening process backwards to x δ . Now follow the foliating circles until you reach y δ . Now apply curve shortening to go from Vδ to yoo Also we have that supE(F{t)) <M<oo t where E denotes the energy functional on AO δ . It is easy to see that by the construction of the path F that the constant M can be chosen to be independent of δ.
Recall (see [Bo] , for example) that there is a finite dimensional approximation to the subset E~λ[Q,2M) C KO δ . That is to say, there is a finite dimensional manifold O Now apply the curve-shortening flow Φ s to the path T ε (t). By curveshortening flow we mean the continuous flow that can be constructed from the discrete curve shortening process. This can be found in [Bo] . Observe that for all t G [0,1] there exists s(t) such that E(Φ s^( Γ ε (t))) < c δ -ε, and also that Φ s fixes both x^ and τ/oo since they are already closed geodesies. By compactness, we have that
and thus
Moreover we have that Φ ? oΓ e G Ω, but this contradicts the definition of c<5, so c δ is a critical value. Let η δ be the critical point associated with the critical value c δ . We have that E(j δ ) < M. It also follows by the triangle inequality and the homotopic essentiality of 7^ that the length L(jδ) > min{convexity radius of O δo , |d(p, q)}. In particular, the length of η δ is bounded below by a constant independent of δ.
If as δ -> 0, η δ lies entirely within the interior in^C^) for any fixed stage δ then we are done as then j δ is a closed geodesic which lies entirely outside the singular set. If this does not happen then we may assume that for all ί, Qδ £ 7<5 Π dθ δ . Without loss of generality we may assume that q δ -> q G Σ, and that 7^ -» 7 0 and that q G 70 By results in [AA] and [ABB] , we know that 7$ is differentiate at q δ . Thus, the tangent vectors 7^ and -7* make an angle of π at q δ . Suppose that the angle of the curve 70 at q is < TΓ. Then it must follow that the tangential (to dθ δ ) components of the second derivatives ||t(V)|| -+00 as δ -» 0, but this contradicts the length minimizing property of *y δ at q δ . See [ABB] . Hence the angle of the curve 70 at q must be π, and this a contradiction unless q is non-singular. If q is non-singular, we show that in fact 70 is a geodesic. The only problem is that 70 might not be minimizing across q. If this is the case, choose points u,v on 70 which straddle q and are close to q. Let L(u,v) denote the length of the segment along 70 joining u to v. Then since 70 is not minimal, there exists a minimal geodesic σ joining u to v. Assume that σ lies in O δσ and choose ε > 0 such that L{u,v) -L(σ) + ε = d(u,v) + ε. Now choose δ < δ σ such that d{u δ ,u) < ε/4, d{v δ ,v) < ε/4 and such that \L (u,v) -d(u δ ,v δ )\ < ε/4, where u δ , υ δ are points on j δ . Then we have
which is a contradiction, and hence 70 must have been minimal through q.
Thus, in either case, we have produced the desired closed geodesic of positive length. The proof is now complete for the simply connected case with two or fewer singular points.
The Case of More Than Two Singular Points. In this situation we are assuming that our orbifold O is the 2-sphere with more than two singular points. We will use the notation of the previous section. Let the singular set be Σ = {pi,... ,p n } with n > 3. Let r 0 = \ min{d (pi,pj) 
, where D 2 is the 2-disc, and B Pi (δ) denotes the metric 5-ball centered at pi. In particular, the fundamental group τri(O<5) is the free group on n -.1 generators {αx,... ,α n _χ}. Let 7 G [αiαj 1 ] £ ^i(O δ ). Let 73 be the limit of the curve-shortening process applied to 7 in O δ . Since 7 is not homotopically trivial, the length of j δ is > 0. We claim that the length ^(7^) of j δ is bounded below as δ -> 0. If this is not the case, then it follows that for δ small enough that 75 C B Pi (|r 0 ), for otherwise y δ would be entirely contained in some convex ball of O<$, and hence homotopically trivial. Also, if 75 C S Pi (|r 0 ), then it must follow that 7 is freely homotopic to aψ for some m, which is a contradiction. Thus, the length of j δ is bounded below as δ -> 0. By arguing as in (the end of) the previous section, we can conclude that for some δ > 0, η δ must have been a closed geodesic missing the boundary of O δ , and hence is a closed geodesic in O. This completes the proof of the simply connected case, and hence finishes the proof of Theorem 1. The supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its contents or policies.
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